In this Letter, we present four examples of integrable partial differential equations (PDEs) of mathematical physics that-when linearized around a localized stationary solution-exhibit scattering without reflection at all energies. Starting from the most well-known and the most empirically relevant phenomenon of the transparency of one-dimensional bright bosonic solitons to Bogoliubov excitations, we proceed to the sine-Gordon, Korteweg-de Vries, and Liouville's equations whose stationary solitons also support our assertion. The proposed connection between integrability and reflectionless scattering seems to span at least two distinct paradigms of integrability: Lax pairing in the first three cases, and a nonlinear differential map from a linear PDE in the last one. We argue that the transparency shown by linearized integrable PDEs is necessary to ensure that they can support the transparency of stationary solitons at the level of the original nonlinear PDEs.
In this Letter, we present four examples of integrable partial differential equations (PDEs) of mathematical physics that-when linearized around a localized stationary solution-exhibit scattering without reflection at all energies. Starting from the most well-known and the most empirically relevant phenomenon of the transparency of one-dimensional bright bosonic solitons to Bogoliubov excitations, we proceed to the sine-Gordon, Korteweg-de Vries, and Liouville's equations whose stationary solitons also support our assertion. The proposed connection between integrability and reflectionless scattering seems to span at least two distinct paradigms of integrability: Lax pairing in the first three cases, and a nonlinear differential map from a linear PDE in the last one. We argue that the transparency shown by linearized integrable PDEs is necessary to ensure that they can support the transparency of stationary solitons at the level of the original nonlinear PDEs. Introduction.-It is from the field of fiber optics that we know that small excitations of a soliton of the nonlinear Schrödinger (NLS) equation-also called the GrossPitaevskii (GP) equation in other contexts-can penetrate the original soliton without any reflection [1] . An analogue of the effect, the transparency of the bosonic Bogoliubov-de Gennes (BdG) equation, was later identified [2] for solitons in Bose condensates [3, 4] as well.
Potentials that are transparent at all energies have been studied extensively since the 1933 discovery of the Pöschl-Teller potential [5] . Several classes of physically relevant linear differential equations were found to support reflectionless potentials [6] [7] [8] [9] [10] (see also book [11] for more references). An intriguing property on its own, transparency in the context of the so-called Lax Liouvillians is ultimately connected to solitonic solutions of nonlinear integrable PDEs [12] . However, the reflectionless property of the solitonic BdG Liouvillian (linearized NLS equation) is not associated with the Lax phenomenon at all: an independent connection between integrability and scattering without reflection seems to be at play. In this Letter, we give three more examples of such a connection-involving the sine-Gordon (sG), Kortewegde Vries (KdV), and Liouville's equations-and indicate a physical mechanism to explain it.
Linearization of the attractive NLS equation around a bright soliton: the bosonic BdG equation.-Consider an attractive NLS equation (also called the GP equation in the context below) describing the mean-field dynamics of an ensemble of N one-dimensional bosons with attractive δ-interactions
where g is the coupling constant and m is the particle mass. √ N ψ(x, t) constitutes a mean-field approximation for the bosonic quantum fieldΨ(x, t), and the normalization condition is (1) is known to support solitons [12] that have been successfully observed in experiments [3, 4] .
There are two defining properties of solitons: they propagate without dispersion, and they can penetrate one another without loss of identity. That a small soliton can penetrate a larger one without reflection is fundamentally a result of the integrability of the system. From physical intuition, we could expect this phenomenon to be preserved even if the underlying integrable PDE were linearized, provided that the small soliton is small enough in the appropriate sense. Thus we can state the following conjecture: the small excitations of stationary solitonic solutions of integrable PDEs should scatter off the original soliton without reflection, at all energies.
An example of a two-soliton collision between a large stationary soliton and a small moving one is shown in Fig. 1 . Assuming that the second soliton is sufficiently small, this collision can be approximately described by a BdG linearization around the larger soliton:
where the wavefunction for the larger soliton,ψ(x, t) = φ(x) exp(−iµ 0 t/ ), originates from a stationary solitonic solution,φ(x) = (2ℓ)
2 /(mgN ) is the size of the soliton, and
is its chemical potential. As demonstrated by the simulation shown in Fig. 1 , the BdG equation (2) properly supports the transparency of the larger soliton to the smaller one, and this implies that the stationary scattering solutions of the equation must show the transparency property as well.
Let us now verify the simulation in Fig. 1 by display- ing the scattering solutions to the BdG equation (2) explicitly. To simplify the formulae that follow, we will use a system of units with = m = ℓ = 1. The NLS equation thus becomes i ψ t = − 
, where the two-component wavefunctions (
⊺ are the positive energy eigenstates of a BdG Liouvillian,
These eigenstates have the form [1] 
, and −∞ < k < +∞ [13] . As expected, the scattering solutions in equation (4) show no reflection off the soliton, at all energies.
A direct calculation of the scattering solutions is not the only way to verify that the BdG equation (2) supports scattering without reflection however. An elegant algebraic explanation is also provided by connectingĤ to a scatterer-free Liouvillian
through an intertwining relationship
where the intertwinerÂ is represented by [14] A = FĜ GF ,
Now we can observe that the eigenstates w
⊺ ofĤ may be obtained from the eigenstates w k, 0 (x) ofĤ 0 through the map w k (x) ∝ A w k, 0 (x). The spectra ofĤ andĤ 0 are therefore identical up to the kernel ofÂ.
SinceĤ 0 is a differential operator with constant coefficients, andÂ is a differential operator with coefficients that tend to a constant value as x → ±∞, the planewave eigenstates w k, 0 (x) = (1, 0) ⊺ exp(ikx) ofĤ 0 [15] will give rise to a single-plane-wave asymptotic behavior of the eigenstates ofĤ, such that w k (x) ∝ exp(ikx) as x → ±∞ too. This result is precisely scattering without reflection, and it is fully consistent with the explicit scattering solutions in (4).
The intertwining relationship (6) and its associated supersymmetric (SUSY) algebra have been studied extensively; a comprehensive review can be found in [16] . The presence of an intertwiner connecting a reflectionless LiouvillianĤ to its asymptotically constant and translationally invariant formĤ 0 is a generic mathematical mechanism that underlies reflectionless scattering at all energies [7] . Indeed, for all four examples presented in this Letter, it is possible to start from a reflectionless Liouvillian candidateĤ, find its asymptotic formĤ 0 , solve the intertwining relation (6) directly for the intertwiner, then construct the scattering solutions ofĤ by applying the intertwiner to the eigenstates ofĤ 0 .
Having now confirmed that a linearization of the NLS equation-the BdG equation-admits scattering without reflection through numerical simulation, explicit scattering solutions, and an intertwining relationship, we are encouraged to study linearizations of other integrable PDEs, and to determine if they lead to reflectionless scattering as well.
Linearization of the sine-Gordon equation around a kink-soliton: the Pöschl-Teller equation.-Linearization of the sine-Gordon equation u xx − u tt = sin u may at first appear ill-defined since the size of the solitons here is quantized, so they can never be small. Nonetheless, the linearized sine-Gordon equation must still be transparent in order to support the ability of small moving breathers to penetrate a stationary kink-soliton in the form of [12] ū (x) = 4 arctan e x .
Consider now an approximate solution that consists of the soliton and a small, time-periodic perturbation, u(x, t) =ū(x) + δu(x) e −iωt . To the first order of perturbation theory, the excitation δu(x) will obey
with E = ω 2 − 1, yet this is nothing else but the celebrated Pöschl-Teller equation whose scattering solutions correspond to pure transmission without reflection [5] . That the Pöschl-Teller Hamiltonian,Ĥ ≡ −∂ 2 x −2 sech 2 x, is reflectionless can easily be verified by intertwining it, in the same manner as equation (6), with its scattererfree counterpartĤ 0 = −∂ 2 x using the intertwinerÂ = −∂ x + tanh x [6] . The corresponding scattering solutions δu(x) ∝Â exp(ikx) = (−ik + tanh(x)) exp(ikx), with ω = ± √ k 2 + 1 are also well known. Linearization of the Korteweg-de Vries equation around a soliton: a new instance of scattering without reflection.-It is tempting to suggest that the equations for small excitations around solitons of integrable PDEs are candidates for new, previously unknown instances of scattering without reflection. To that end, we have found that a linearization u(x, t) =ū(x) + δu(x, t) of the Korteweg-de Vries equation, u t −6uu x +u xxx = 0, around a stationary solitonū(x) = −2 sech 2 x + 2 /3 generates an equation δu t =Ĥ δu, with the Liouvillian
As expected, this Liouvillian is reflectionless, which can be verified by intertwining it, as in equation (6) again, with a scatterer-free Liouvillian:
using the intertwiner
The scattering solutions can be obtained from the intertwiner above; they are δu(x, t) = δu(x) exp(iωt), with
and ω = k 3 + 4k. Linearization of Liouville's equation around a soliton: the Pöschl-Teller equation again.-The integrability of all three equations studied above originates from the Lax structure that they possess [12] , but this is not the only paradigm for integrability. Let us examine Liouville's equation,
It can be solved using a map to a linear PDE [17] . Its most general solution has also been obtained in [18] , using elementary methods. We take the stationary soliton
that belongs to a broad class of solutions [19] ,
where f (ξ + ) and g(ξ − ) are arbitrary functions of one variable, and d is an arbitrary constant [20] . The stationary soliton in (10) can be recovered by choosing f (ξ + ) = ξ + /2, g(ξ − ) = −ξ − /2, and d = 0.
Let us perturb the soliton in (10) as u(x, t) =ū(x) + δu(x) e iωt . Linearizing Liouville's equation (9) around the soliton (10), we obtain, as in the sine-Gordon case, a Pöschl-Teller problem identical to (8) , but with E = ω 2 , and ω = k 2 . There will thus be no reflection of the scattering waves once again.
Physically, the reflectionless property of the linearized Liouville's equation is necessary to ensure that small localized packets can penetrate the main soliton without reflection. For example, a rightward moving packet will be given by expression (11) with f (ξ + ) = ξ + /2, g(ξ − ) = −ξ − /2 + δg(ξ − + t 0 ), and d = 0, where δg(ξ − ) is a small packet localized at ξ − = 0 and t 0 is the moment of collision between the packet and the main soliton.
Summary and outlook.-In this Letter, we observe that physically relevant integrable PDEs, when linearized around a stationary solitonic solution, produce linear problems that demonstrate scattering without reflection at all energies. We verify this connection using singlesoliton solutions of the attractive nonlinear Schrödinger, sine-Gordon, Korteweg-de Vries, and Liouville's equations. The last example suggests that the phenomenon spans at least two paradigms of integrability: Lax pairing in the first three cases, and a nonlinear differential map from a linear PDE for Liouville's equation. We indicate that the transparency of linearized PDEs may be necessary to ensure that they correctly predict the transparency of large solitons to small solitons, small breathers, or small packets (for Liouville's equation) at the level of the original nonlinear PDEs. It remains to be verified that the observed transparency persists for multi-soliton solutions and for other integrable PDEs in general.
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